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Abstract 
We study a family of vertex transitive digraphs whose vertices represent the k-permutations of n elements. 
After showing some general properties, we concentrate upon the study of the symmetry of these digraphs. 
By using some distance-related properties, their automorphism groups are characterized. We also charac- 
terize those digraphs which are Cayley digraphs. Finally, the diameter of these digraphs is obtained for 
values of n and k which include almost all values for which they are Cayley digraphs. 
1. Introduction 
In the study of the symmetry of (di)graphs, a problem which has recently deserved 
some attention isto find vertex symmetric digraphs with small diameter. These digraphs 
are interesting to model arge interconnection networks for implementing parallelism, 
for the same communication software can be used in all nodes. Recently, some 
proposals based on (di)graphs on alphabets have appeared in the literature [2-4]. 
This paper focuses on a family of vertex symmetric digraphs constructed on the set 
of k-permutations of n symbols, which were introduced in [5]. In the next section the 
proposed igraphs are defined and some of their properties are discussed. In particu- 
lar, it is shown that they are (strongly) connected for k ~< n - 2. Section 3 is devoted to 
the study of their automorphism group, which turns out to be the symmetric group S,. 
In particular, those which are Cayley digraphs are completely characterized by using 
some well-known results about sharply transitive permutation groups. The last 
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section is devoted to the study of the diameter. It is shown that if n t> 2k the diameter 
is 2k and if n = k + 2, the diameter is 1 + (k ~ 1). 
2. Definition and general properties 
Given integers k and n, 1 ~< k ~< n - 1, the digraph P(n, k) has as vertices the 
k-permutations of the set [n] = {1, 2, . . . ,  n} and every vertex x l  x2 ... Xk is adjacent 
to the vertices x 2 x 3 ... Xk X with x ~ X x, x2 . . . . .  Xk. Obviously, the digraph P (n, k) has 
order (n)k = n(n - 1) ... (n - k + 1) and size (n)k+l = n(n -- 1) ... (n -- k). Moreover, 
it is regular of degre d = n - k. 
Ifk = 1, then P(n, 1) is the complete symmetric digraph on n vertices, K*. The other 
extreme value k = n gives the null digraph on n! vertices and P(n, n - 1) is a discon- 
nected 1-regular digraph which consists of (n - 1)! cycles of length n. Thus, from now 
on we will assume k ~< n - 2. 
The edges (XxX2X3 ... Xk, X2X3 ... XkXk+l) of P(n,k)  are in a bijective correspon- 
dence to the (k + 1)-permutations Xa x2 ... XkXk+ 1 of In]. Analogously, the walks of 
length s are in bijective correspondence to the sequences x lx2  ... Xk+s with every 
k + 1 consecutive digits distinct. These walks can be seen as the vertices of the iterated 
line digraph LsP(n,  k) = LL  s-  1 P(n, k). Recall that the vertices of the line digraph LG 
of a digraph G = (V, E) correspond to the edges of G and the adjacency between 
vertices of LG is induced in the natural way from the (directed) adjacency between 
edges in G [6]. The digraph LG is connected if and only if G is. Moreover, 
AutG - AutLG; see [7]. 
Let S, be the symmetric group of degree n. I fa ~ Sn, we denote by f ,  the permutation 
of the vertices of P(n,k)  defined by f , (x l  ... Xk )= a(Xx).., a(Xk). Then f ,  is an 
automorphism of P(n, k) and the map Sn ~ Aut P(n, k) defined by a ~--~ f ,  is a group 
monomorphism. This implies that P(n,  k) is arc symmetric (and so vertex-symmetric). 
Indeed, given two arcs el = x l  ... Xk+l and e2 = Yl ... Yk+l, take a permutation 
tr ~ S. such that tr(Xi) =- Yi, 1 ~ i <~ k + 1, and then fo (el) = e2. 
In Section 3 we show that the map Sn ~ Aut P(n, k) is also exhaustive, and hence the 
automorphism group of P(n, k) is Aut P(n,  k) ~- Sn. Moreover, we prove that P(n, k) is 
not s-arc symmetric for s i> 2. 
In order to show that P(n, k) is connected we need the following two lemmas. 
Lemma 2.1. LP(n,  n - 2) -~ Cay(S,, {0~, fl}) where ~ = (1 2 ... n) and fl = (1 2 ... n - 1). 
Proof. From ( in )= f l i~ , - l f l , - i  and (i j )=  o~i ( j -  in )~ "- i  for j < n, it follows that 
and fl generate any transposition, hence {~, fl} is a generating set of S~. Therefore, 
Cay(S., {~, fl)) is a connected igraph. 
Moreover, the map defined by 
XIX  2 .. .  Xn -2Xn-1  ~ (X1 ,X2,  . . .  ,Xn -2 ,Xn- l ,Xn) ,  
where x, is the unique element in [n] distinct from xl,  ... ,x~_ 1, is an isomorphism 
from LP(n ,  n - 2) to Cay(S,, {0~,fl}). [] 
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Fig. 1. The digraph LP(4,1). 
Lemma 2.2. The digraph P(n, k) is a subdigraph of the iterated line digraph L k-k" P(n, k') 
for any k' < k. In particular, P(n, k) is a spanning subdigraph of LP(n,k - 1). 
Proof. The vertices of Z k-k' P(n, k') are words of length k with each k' + 1 consecu- 
tive symbols different. The vertices of P(n, k) are the sequences of length k with all the 
symbols distinct and the adjacencies in P(n, k) are also adjacencies in L k-k" P(n, k'). 
For k' = k - 1 we have that the order of P(n, k) equals the order of LP(n, k - 1). [] 
Fig. 1 shows the digraph LP(4, 1) and the spanning subdigraph P(4, 2). Notice that 
the digons are the only adjacencies in LP(4, 1) which are not adjacencies in P(4,2), 
Theorem 2.3. The digraph P(n, k) is connected. 
Proof. By induction on k. From Lemma 2.1, the digraph LP(n, n -- 2) is connected, 
hence P(n ,n -  2) is also connected. Now suppose that P(n, k) is connected. It is 
a generating subdigraph of LP(n,k - 1), hence LP(n, k - 1) is connected and so is 
P(n ,k -1 ) .  [] 
3. Cayley digraphs 
We are now ready to determine the group of automorphisms of P(n, k) and to 
characterize the values of n and k for which P(n, k) is a Cayley digraph. To this end, we 
need the following two lemmas. 
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Lemma 3.1. Let X = xl ... Xk be a vertex of P(n, k) and let Z = zxl X 2 . . .  X k -  1 be 
a vertex adjacent o X. Therefore, 
(i) I f  Y = x2x3 ... xky is adjacent from X, then 
{kk-1  i fY=z ,  
d (Y ,Z)  = if y ~ z. 
(ii) I f  Y = yx2xs ... Xk iS adjacent o a vertex adjacent from X,  then 
d(Y 'Z)={kk+l  ify~z.ifY=z' 
Proof. (i) First suppose y = z. The existence of the path 
Y-+x 3 . . .  XkyX 1 ---~x 4 . . .  XkyX lX  2 --* . . .  ---* yx1x  2 . . .  Xk -  1 = Z 
shows that d(Y ,Z)  ~< k - 1. The minimum number of steps required for placing 
digit y in the first position is k - 1, hence d(Y ,Z)  = k - 1. 
Suppose now y ~ z. Then we get the path 
y- - -~ x 3 . . .  XkyZ-o  X 4 . . .  XkyZXl - - - *  . . .  ---~ yzx  1 . . .  Xk_2-"~ZXI  X2  . . .  Xk-  1 = Z ,  
hence d(Y, Z) <~ k. We need a step to add z to the k-permutation, and k - 1 steps are 
necessary to place z in the first position. Therefore, d(Y, Z) = k. 
(ii) By using similar arguments it can be easily proved that the path of length k + 1 
Y- -+ x2x  3 . . .  Xkt - - *  X3  . . .  Xkty---~ X 4 "'" xk tyx  1 -+ "'" -+ yxl  ... Xk-1 = Z 
is a shortest path from Y to Z if y = z, and the path of length k 
y ---~ x2x  3 . . .  XkZ -.4. X3X 4 . . .  XkZX 1 ~ . . .  ---~ ZX 1 . . .  Xk -  1 = Z 
is a shortest path from Y to Z if y ~ z. [] 
In what follows, we denote by E ÷ (X) the set of vertices adjacent from X, and by 
E -  (X) the set of vertices adjacent o X. 
Lemma 3.2. Let tr • S, and f•  AutP(n, k). I f  f = f ,  on E -  (X )w{X},  then, 
(i) f =f ,  on E+(X) ,  
(ii) f=f# on E - (Y ) fo r  all Y•E+(X) .  
Proof. Let X = xx ... Xk. 
(i) Suppose that Y = x 2 . . .  xgy • E + (X). Vertex Y' = yxl  ... Xk- 1 is in E -  (X), 
hence f (X)=f , (X)  and f (Y ' )=f , (Y ' ) .  By Lemma 3.1(i), Y is the only vertex in 
E ÷ (X) such that d(Y, Y') = k - 1. Therefore,f (Y) is the unique vertex in E + ( f , (X ) )  
such that d( f , (Y ' ) ,  f (Y ) )= k-  1. Also, the unique vertex with this property is 
6r(x2) . . .  tT(Xk)tT(y ) = fo(Y ), hencef(Y) = f~(Y ). 
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(ii) Given YeE+(X) ,  let Z=zx2 ... Xk be a vertex in E - (Y ) . 'The  vertex 
Z'  = zx~x2 ... Xk-1 is in E -  (X). Lemma 3.1(ii) implies that Z is the unique vertex in 
E- (Y )  such that d(Z ,Z ' )  = k + 1. From the hypothesis, f (Z ' )  =f~(Z').  Then by 
applying (i) above we get f (Y ) - - - f , (Y ) .  Therefore, f (Z )  and f , (Y ' )  are vertices in 
E- ( f~(Y) )  at distance k + 1 to f~(Z). Since there is only one such vertex, it follows 
that f (Z )=f~(Z ' ) .  [] 
The map S,-o AutP(n, k) defined by a ~--,f, is a group monomorphism. The 
following theorem shows that it is an isomorphism. Recall that k ~< n - 2, so that 
P(n, k) is connected. 
Theorem 3.3. Aut P(n, k) - Sn. 
Proof. Let f be an automorphism of P(n, k). Vertex 123 ... k is denoted by I. We 
define a(1), a(2), ... , a(k) byf ( l )  = a(1) ... a(k). For every y # 1, 2 . . . .  , k, the vertex 
f(y23 ... k - 1) has the form y'a(2) ... a(k - 1) for some y' ~ a(1), ... ,a(k). We 
define a(y) = y'. Then a ~ S, andf=f ,  in E- ( I )w{ I} .  
Given a vertex X, since P(n,k) is connected, there exists a path 
I -oX~-oX2-o  ... - - ,X r=X from I to X. By Lemma 3.2, f=f~ in E+(I) ,  in 
particular f (X~)  =f~(Xx) and f =f~ in E - (Xx). By applying Lemma 3.2, we have 
f = f~ in E ÷ (X 1 ), hence f (X2) = f ,  (X 2) and f -- f ,  in E - (X 2). Recursively, we obtain 
f (X ) -=f~(X) .  [] 
It has been shown that P (n, k) is transitive. Now we can easily see that it is not s-arc 
transitive for s ~> 2. In the following corollary 0-arc transitivity stands for vertex 
transitivity. 
Theorem 3.4. The digraph P (n, k) is s-arc transitive only for s = O, 1. 
Proof. It suffices to show that L2p(n, k) is not vertex-transitive. Take two vertices of 
the form X = Xl ... XkXk+IXt and X'  = xl ... XkXk+lXk+2 with Xk+2 ~ Xl. If there 
exists an automorphism f~such that f , (X )  = X' ,  then 
O'(X1) . . .  O'(Xk)f f (Xk + l )O'(X1) = fa (X)  = X '  = X 1 . . .  XkXk + l Xk + 2, 
which implies xl = a(xl)  = Xk+ 2 ~ X1, a contradiction. [] 
Let F be a permutation group of degree n on a set X. We recall that F is said to be 
sharply k-transitive if, for any elements xl ,x2 . . . .  , XR, yl ,  Y2, ".., Yk in X with xi ~ xj 
and yi ¢ yj for i ¢ j ,  there exists a unique permutation fE  F such that f(x~) = Yl for 
1 ~<i~< k. Thus, a regular permutation group is sharply 1-transitive permutation 
group. 
By Sabidussi's Theorem [10], a digraph is a Cayley digraph if and only if its 
automorphism group has a regular subgroup. Then, we have the following result. 
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Theorem 3.5. The digraph P(n, k) is a Cayley digraph if and only if S n has a sharply 
k-transitive permutation subgroup of degree n. 
Theorem 3.5 is also true in the nonconnected case k >n-2 .  Indeed, 
P(n,n) = Cay(Sn,{ }), P(n,n- 1)= Cay(Sn,{(12 ... n)}) and Sn is a sharply n- 
transitive and sharply (n - 1)-transitive permutation subgroup of S~. 
The sharply k-transitive permutation groups have been studied for a long time. We 
recall some results drawn from !-8, 9]. 
Theorem 3.6. (i) The symmetric group Sn is sharply (n -  1)-transitive and sharply 
n-transitive. 
(ii) For n > 2, the alternating roup An is sharply (n - 2)-transitive. 
(iii) I f  F is a sharply k-transitive permutation group with k >i 6, then F is of symmetric 
or alternating type. [] 
Now we consider the cases from k = 2 to 5. 
Let U:~ be the finite field of q =pm elements, V a vector space over 0:~, GL(V) the 
automorphism group of V and V* the group of the translations, i.e., the permutations 
of V of the form x ~--,x + v with v e V. The affine group Aft(V) is the group generated 
by GL(V) and V*. We have Aft(V) = V*xGL(V) .  
Theorem 3.7. I f  F is a sharply 2-transitive permutation group, then it is of degree pro for 
some prime p, and there exists a m-dimensional vector space V over ~:p such that F is 
similar to a subgroup of Aft(V) containing the group V* of translations. 
Let X = D:~ w { oo }. The operations in D:q are extended to X in the natural way. The 
permutations of X of the type 
ax +b 
X - . . ~  
cx +d 
with a, b, c, d ~ ~:q and ad - bc # 0 form a sharply 3-transitive permutation group of 
degree q + 1 denoted by L(q). 
Let p be a prime p > 2 and let q = p2m. The map a: D:q ~ U:q defined by x ~ x ~ = x p" 
is an automorphism of~:q of order 2. By setting oo" = ~,  the map tr is a permutation 
of X = Q:~ w { ~ }. Let C = {x 2 : x e H:q } and let M(q) be the set of permutations ofX of 
the following types, where a, b, c, d e H:q and ad - bc # O, 
ax + b ax ° + b 
x- , - -  w i thad-bceC x ~ ~  withad-bc~C.  
cx + d cx ~ + d 
Then M(q) is a sharply 3-transitive permutation group of degree q + 1. 
The groups L(q) and M(q) are not isomorphic, hence they are two families of 
sharply 3-transitive permutations groups. Zassenhaus howed that they are the 
unique sharply 3-transitive finite groups. 
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Theorem 3.8. I f  F is a sharply 3-transitive finite permutation group, then F is similar to 
L(q) or M(q) for some q. 
The Mathieu group M12 is the permutation group on X = [12] generated by the 
permutations 
(456)(7 89)(101112) 
(4710)(5811)(6912) 
(57610)(891211) 
(58612) (711109) 
(14)(78)(911)(1012) 
(12)(710)(811)(912) 
(23)(712) (810)(911) 
The stabilizer of 3 is a subgroup of M12 denoted by M11. The group M11 is a sharply 
4-transitive permutation group of degree 11 and M12 is a sharply 5-transitive permu- 
tation group of degree 12. Moreover, we have: 
Theorem 3.9. Assume that k >~ 4 and let F be a sharply k-transitive permutation group 
of degree n which is of neither symmetric or alternating type. Then either k = 4 and F is 
similar to Ml l  or k = 5 and F is similar to M12. 
According to the above results and Theorem 3.5, we summarize in Table 1 the 
values of n and k, k ~< n - 2, for which P(n, k) is a Cayley digraph. It is worth 
mentioning that from this characterization a d Sabidussi's theorem we can derive 
a new family of generating sets for the sharply transitive permutation groups [1]. 
If s/> 2, P(n, k) is not s-arc transitive, LsP(n, k) is not vertex-transitive, hence it is 
not a Cayley digraph. For s = 1, the vertices of LP(n, k) are sequences ofdistinct digits 
of length k + 1. In addition, AutLP(n, k) ~- AutP(n, k) - S,. Therefore, LP(n, k) is 
a Cayley digraph if and only if S, has a subgroup sharply (k + l)-transitive. Then, the 
Table 1 
Cayley digraphs P(n, k) 
2 pm Aff(B:p.) 
3 pm+ 1 L(p') 
3 p2M + 1 M(p2m), p > 2 
4 6 A 6 
4 11 Mll 
5 7 A7 
5 12 M12 
/> 6 k + 2 Ak+2 
k n Group 
80 J.M. Brunat et aL /Discrete Mathematics 174 (1997) 73-86 
corresponding table for LP(n,  k) can be obtained from Table 1 by subtracting 1 from 
the values of the first column. 
As a last remark, we note that adding to P(n, k) the adjacencies of the form 
X 1 . . .  X k "')'X 1 . . .  X i - l X i +  1 . . .  XkXi, 1 ~< i ~< k -- 1, we obtain the digraphs proposed 
by Faber and Moore in the search for large digraphs with fixed degree and diameter; 
see [4]. We denote such digraphs by F(n, n). In fact, the digraphs F(n, n) correspond to 
the so-called 'rotator graphs', which were independently proposed in [3]. It can be 
proved that the automorphisms of F(n, k) are also automorphisms of P(n, k) [-1]. 
Hence, the automorphism group of F(n, k) is also S, and the characterization f the 
values for which F(n, k) is a Cayley digraph can be easily deduced. 
4. The diameter 
In this section we show that the diameter of the digraph P(n, k) is D = 2k if n >/2k 
andD = 1 +(k~l ) i fn=k+2.  
Because it is useful to use congruences, we take as alphabet the set 
N=(0 ,1  . . . . .  n-l). 
If X = Xo ... Xk- 1 is a vertex, we define [-X] = {xo, . . . ,  Xk- 1 } as the set of symbols 
which appear in X. Vertex I is now I = O1 ... (k - 1). 
Let us first consider the case n/> 2k. 
Given a vertex X = Xo ... Xk-1, we define r (X)  = max{i - xi:O <~ i <<. k - 1). We 
need the following lemma. 
Lemma 4.1. I f  X is a vertex with r (X)  > 0, then there exists a vertex Yo adjacent f rom 
X such that r(Y)  >>. r (Yo)  = r(X)  - 1 for  all Y adjacent f rom X.  
Proof. Let X = Xo ... Xk- 1. Put 6(xi, X )  = i - xi. The vertices adjacent from X are of 
the form Y = Xa ... Xk- lY  with y¢[X] .  Then 
6(xi, Y )  = i - 1 - xi = 6(x i ,X )  - 1, 1 <~ i <~ k - 1 
6 (y ,Y )=k-  l -  y. 
Because r (X)  > 0, the maximum of the values 6(xi, X )  is not attained for i = 0, hence 
r (Y)  = max{r(X) - 1,k - 1 - y} ~> r(X) - 1. 
Let r = r(X). The set N\ ( [ ,X ]w{O,  1 . . . .  ,k  - r - 1}) is not empty and has a min- 
imum element, say z/> k -  r. If Yo = x l  ... XkZ, then 6(z, Y )  = k -  1 - z <~ r -  1, 
and hence r (Yo)  = r -  1 = r (X)  - 1. [] 
The next theorem gives the diameter for n/> 2k. Vertex J is defined by 
J=(k -1 ) (k -2 ) . . .  10. 
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Theorem 4.2. I f  n >~ 2k the diameter of  P(n, k) is D = 2k and vertex J is at minimum 
distance to I. 
Proof. The vertices at distance 1 to 1 are of the form 
Zo012 ... (k - 2), zo>k-1  
and, more generally, if 1 ~< c ~< k - 1, the vertices at distance c to I, are those Xc of the 
form 
Xc = ZoZl ... zc-1012 ... (k - c - 1), zi > k - c + i, 0 ~< i ~< c - 1. (1) 
Moreover, the vertices at distance k to I are the vertices 
ZoZl . . .Zk-1 ,  z i> i ,  0~<i~<k-1 .  (2) 
Let X = Xo ... Xk-1 be a vertex. First suppose r (X)  < 0. This is equivalent o 
i - xi < 0 for all i, so X is of type (2) and we have d(X,1)  = k. Thus, condition 
r (X)  < 0 characterizes vertices at distance k to I. 
Assume now r (X)- - -0 .  Since vertices of type (1) satisfy r (X)= c > 0, we get 
d (X, I ) /> k + 1. Moreover, [X ] n I-I ] :~ 0, so the set N \ ( [X ] u [ I  ]) is not empty and 
has a minimum element, say z, which satisfy z/> k. If Y = xl  ... kk - l z ,  we have 
r (Y )  < 0 and 
k + l <~ d(X , I )  <~ l + d(Y , I )=  l + k, 
which implies d(X , I )  = k + 1. 
We claim that reciprocally, if d(X , I )  = 1 + k, then r (X)  = 0. Indeed, if r (X)  < 0 
then 1 + k = d(X , I )  = k, a contradiction. If r(X)  > 0, take a vertex Y adjacent from 
X with d(Y , I )=k .  Lemma 4.1 implies that r (Y )>~0 and d(Y , I )=  k implies 
r (Y )  < 0, a contradiction. Hence r (X)  = O. 
Suppose that r(X) > 0. If X is of the form (1), then d(X , I )  = r(X).  Otherwise, 
d(X , I )  >/k + 1 and a shortest path from X to I contains a vertex Y at distance 1 + k 
to I, that is, with r (Y )  = 0. By Lemma 4.1, to get the vertex Y we need almost r (X)  
steps and r (X)  steps are sufficient. Then d(X , I )  = r (X)  + 1 + k. 
Finally, note that r ( J )  =k-1  and it is not of the form (1), hence 
d( J , J )=k- l+ l+k=2k.  [] 
For instance, take k = 5, n = 10 and X -- 40 782. The shortest path given in the 
proof is shown in Table 2. 
From now on, let us consider the case n = k + 2. We note that from Table 1 the 
digraphs P(k  + 2, k) are Cayley digraphs. 
Given a vertex X = Xo ... Xk-a, let {~,fl} = N\[X] .  Chosen j, 0 ~<j ~< k, we can 
represent X as xj ... Xk- x {~, fl} Xo ... X~_ 1. With this notation, vertex X is adjacent 
to the vertices xj . . .  Xk_ lO~{f l ,  Xo}  . . .  x j _  1 and xj  . . .  Xk_ l f l{o~,Xo} . . .  x j _  1 . 
For x eN,  we define ~=k if x=k+l  and ~=x otherwise. Given 
X = Xo ... Xk- 1 {C~, fl} and r e Zk+ 1, the deviations of the symbols of X with respect 
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Table 2 
Example of shortest path, n I> 2k 
Positions 0 1 2 3 4 r 
X 4 0 7 8 2 2 
0 7 8 2 3 1 
Y 7 8 2 3 4 0 
8 2 3 4 5 -1  
2 3 4 5 0 4 
3 4 5 0 1 3 
4 5 0 1 2 2 
5 0 1 2 3 1 
I 0 1 2 3 4 0 
to r are defined by 
6r(xi) = xi - i + r (mod k + 1), 
6r(0t) = ~ -- k + r (mod k + 1), 
6r(#) = f l - -  k + r (mod k + 1). 
The wei#ht of X with respect o r, denoted by w(X,  r), is the sum of all deviations. If 
ni is the number of deviations equal to i, the sequence 5(X, r) = (nk, . . . ,  no) is called 
the distribution of (X, r). Note that y.~= oni k + 2 and w(X,  r) k = = ~i= 1 ini. Moreover, 
if 6(X , r )= (nk . . . . .  no), then ~(X,r  + 1)= (nk-1 . . . . .  no,nk), i.e. different values of 
r lead to distributions which differ in a circular permutation. 
Consider the set 
o~a={(nk . . . .  ,no):O <~ n ieZ ,  nk + "" +n0=k+2}.  
The distributions 6 (X, r) are in 5 a, but there are elements in 6 a, like (0, . . . ,  0, 1, k + 1), 
which are not distributions. Two elements l, s2 e 5" are equivalent, sl - s2, if they 
differ in a circular permutation. The weight of s, w(s), is defined as if it were 
a distribution, and s e S is called minimal if w(s) <<, w(s') for all s' - s. We have the 
following lemma. 
Lemma 4.3. (i) I f  (nk . . . .  ,no) e : is minimal, then no >i 2. 
(ii) The maximum of  the set {w(s) :s e de, s minimal} is w(1,1, 1, ... , 1,2) = (k~l). 
Proof. (i) Because (nk . . . .  , no) is minimal, we have 
k k 
0 <<. w(no,nk, ... ,n l)  - W(nk, . . .  ,no )  ----- kno + ~. (i - 1)hi - ~, ini 
i=1  i=1 
k 
=kno-  ~ n i=kno- (k  + 2 -no)=(k  + l )no - (k  + 2). 
i=1  
Hence no ~ 2. 
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(ii) Let s = (nk,  . . .  , nO)  be a minimal element of SP with max imum weight. F rom (i), 
no ~> 2. Then it suffices to show that n, ~> 1 for r = 1, . . . ,  k. To this end, we use 
induction on r. 
Suppose that nl = 0. Take t = (nk, . . . ,  n2, 1, no - -  1) and let t' be equivalent to t and 
minimal. F rom (i), the last component  of t' is not 1. Then assume that 
t '  = (h i ,  . . .  , 1, no - 1,nk,  ... , hi+ 1). If s' = (ni . . . . .  0, no,  nk,  . . .  , n i+ 1), we  have 
w(t ' )  = w(s ' )+ 1 >t w(s)+ 1. Hence t' is minimal and has weight w(t ' )>  w(s),  a 
contradiction. 
Suppose now n~/>l for l~<i~<r-1 .  If n ,=0,  take t=(nk , . . . ,1 ,  n , _ l - -  
1 . . . .  , nl, no) and t' = t, t' minimal. With the same argument used above the desired 
contradiction is obtained. []  
The weight  of X, w(X), is the min imum of the weights w(X, r ) ,  r e ~k+ 1. Note that 
w(X)  = 0 ~ X = I. Now we show that there exist vertices with max imum weight, 
that is with minimal distribution (1, 1 . . . .  ,2). We define vertex U = Uo ... Uk- 1 {Ct, fl} 
as follows, depending on the parity of n -- k + 2. 
• n=2a+l ,  
e=a-1 ,  
• n = 2a, 
ui = ai (mod k + 1), 
~ = ak  (mod k + 1), 
f l=k+l .  
if i=  2h, O~<h~<a-1 ,  
if i=2h+ 1, O~<h~<a-2 ,  
O~<i~<k-1 ,  
It is straightforward to show that r (U,0) = (1, . . . ,  1,2, 1 . . . .  ,1) with na --- 2 i fn  is 
odd and r (U,0)  = (1 . . . .  ,1, 2) if n is even. In every case, the minimal distribution is 
(1, ... , 1,2). Moreover,  Uk-1 = k. 
For  instance, 
• n=7,  k=5,  a=3:  
i 0 1 2 3 4 5 
ul 3 0 4 1 5 {2,6} 
rio(U,) 3 5 2 4 1 {3,0} 
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• n=8,  k=6,  a=4:  
i 0 1 2 3 4 5 6 
ul 0 4 1 5 2 6 {3,7} 
6o(Ui) 0 3 6 2 5 1 {4,0} 
(We have used the notation Uk = {~, fl}.) In the first case we have 6(U,0) = (1,1,2,1, 1,1) 
and the minimal distribution is 6(U,3)=(1,1 ,1 ,1 ,1 ,2) .  In the second case, 
6(U,0) = (1, 1, 1, 1, 1, 1,2) is minimal. 
Let now J be the vertex J = Uo ... Uk -z{Uk-~, f l}~ = UO ... uk -z{k ,k  + 1}~. Note 
that J is adjacent o U. We shall see later that J is a vertex at max imum distance to I. 
We say that a vertex X is standard if {k ,k  + 1} ~ N\[X] .  For  example, U is 
standard, but I and J are not. 
Given r and a vertex X = Xo . . .  Xk -1  {a, fl} such that 6r(~) ~< b,(fl), we define the 
vertex X '  by 
x '= {fl, xo}x l  ... xk_l . 
Lemma 4.4. (i) I f  Y is adjacent f rom X ,  then w(Y)  >>. w(X)  - 1. 
(ii) Assume that 6(X ,  r) is minimal. I f  X is standard or r > O, then 6(X  ~, r) is minimal 
and w(X  ") = w(X)  - 1. 
Proof. (i) Let 6(X, r) = (nk, ... , no). If 6,(fl) = d > 0, we have 
6(Y , r )  = (nk, ... ,na -  1,ha-1 + 1 . . . . .  no). 
Hence, 
w(Y , r )  = w(X , r )  - 1 >>. w(X)  - 1. 
Otherwise, if d(fl) = 0, then 6(Y, r) = (nk + 1, nk-  1 . . . .  , nx ,  no -- 1) and 
w(Y , r )  = w(X , r )  + k >>. w(X) .  
In any case we have w(Y)  >~ w(X)  - 1. 
(ii) Assume 0 ~< &(~) <~ &(fl). Since X is standard or r > 0, &(fl) = d > 0. If  
6(X , r )  = (nk . . . . .  no), then 6(X  ~, r) = (nk, . . . ,  nd -  1, na-1 + 1 . . . .  , no). Therefore, 
w(X ' , r+ j )=w(X, r+ j ) - l ,  O<. j<.k .  
Then, the minimum of w(X ' , r  + j )  is attained fo r j  = 0 and w(X ~) = w(X)  - 1. [] 
Theorem 4.5. I f  n = k + 2, the diameter o f  P(n, k) is D = 1 + (k~l), and vertex J is at 
max imum distance to I. 
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Proof. Given a vertex X with minimal distribution 6(X,  r) and weight m = w(X)  we 
define the sequence (Xi) 0 <<. i <<. m, by 
Xo=X,  X~+I=X~ for 1 ~<i~<m-1.  
Let 6(Xi ,  ri) be the minimal distribution of X~. Suppose that some X~ is non-standard 
and has minimal distribution 6(X~,O). Let c be the minimum i with such a property. 
Then Xc-1  = Xo ... Xk- 2 {k + 1, k - 1} k and, more generally, 
Xc- ;  = Xo ... x j _~{k  + 1 ,k - j} (k  - j  + l ) (k - j  + 2) ... (k -  2 ) (k -  1)k 
for j = 1, ... , c. In particular, 
X = Xo = Xo ... xc_ ,{k  + 1 ,k -  c}(k -  c + 1) (k -  c + 2) ... (k -  2 ) (k -  1)k (3) 
(or with k and k + 1 interchanged, which does not modify the following argument). 
Then we see that the vertices X such that the sequence (X~) contains a vertex 
non-standard with minimal distribution 6(X,0) are the vertices of the form (3). 
If a vertex X is not of the form (3), then by applying Lemma 4.4, we get w(X, , )  = O, 
i.e., X,, = I and d(X , I )  = w(X) .  Otherwise, let Y be the vertex adjacent from X 
Y = Xo . . .  x~_~(k  + 1){k  - c ,k  - c + 1}(k  - c + 2) . . .  (k  - 2 ) (k  - 1 )k .  
Since the vertex Y is not of the type (3), d(Y , I )  = w(Y)  and 
d(X , I )  <~ 1 + d(Y , I )  = 1 + w(Y)  <<. 1 + 2 " 
Thus, the diameter is D ~< 1 + (k~). 
TO see that the upper bound is attained, consider vertex d. This vertex is adjacent to 
U and U*, which is obtained from U by interchanging k and k + 1. We have 
d(U* , l )  = d(U , I )  = w(U) = (k~l), hence 
d( J , I )  = 1 + 2 " [] 
As an example, let n = 7 and vertex X = 2031 {6,4}5, which is of the form (3). For 
obtaining a path from X to I we go, in the first step, to vertex Y = 20316{4,5}. The 
deviations of the symbols of Y with respect o r = 0 are 
60(2) = 2, 60(0) = 5, 60(3) = 1, 6o(1) = 4, 60(6) = 1, 
60(4) = 5, 60(5) = 0. 
The distribution is 6(Y,0) =(2,1,0,1,2,1) and the minimal one is 
6(Y, 1) = (1,0, 1,2, 1,2). Then d(Y ,1 )  = w(Y)  = 13. A path from X to 1 of length 14 is 
given in Table 3. Note that vertex Y is represented with the 'box' {4, 5} in position 
k - 1 = 4 in such a way that the deviations with respect to r = 1 equal the deviations 
with respect o the positions indicated in the headers. 
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Table 3 
Example of shortest path, n = k + 2 
Positions 0 1 2 3 4 5 
X 2 0 3 1 {6,4} 5 
Y = Yo 0 3 1 6 {4,5} 2 
Yt 0 3 1 6 4 {5,2} 
Y2 {2,0} 3 1 6 4 5 
Y3 0 {2, 3} 1 6 4 5 
Y4 0 2 {3,1} 6 4 5 
Y5 0 2 3 {1,6} 4 5 
Y6 0 2 3 6 {1,4} 5 
Y7 0 2 3 6 4 {1,5} 
Ys {1,0} 2 3 6 4 5 
Y9 0 {1,2} 3 6 4 5 
Yto 0 1 {2,3} 6 4 5 
Y11 0 1 2 {3,6) 4 5 
Y12 0 1 2 3 {6,4} 5 
Y13 =I  0 1 2 3 4 {6,5} 
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